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Setup

» Performative Risk is introduced when prediction causes a change in
the distribution of the target variable, i.e.,
PR(0) = Ez~D(e)l(Z 9)
® Our ultimate goal is to find 8,,, = argming PR(6), performative optima
® However, past work mainly focused on finding 6,5 = argming E,_p( ,1(z; 6),
performative stable points

« Example: predicting credit default risk. A bank might estimate that a
loan applicant has an elevated risk of default if he applied for a loan,
and will act on it by assigning a high interest rate.



Problem

How and Under what conditions could we optimize
performative risks?

We aim to answer this question through two perspectives
1. Validate several conditions in first-order optimization that could
guarantee a linear convergence rate. Once recognizing such
conditions, there are plenty implementations in literature.
2. Connecting the target performative optima points with stable
points to take advantage of previous works




Results

> Define DPR(04, 0;) = E,_po)1(z; 02) for decoupled performative risk.

« We show: when DPR is WSC (weakly strong convex), PR is WC (weakly convex) to
6,0, Namely
PR(0,,) = PR(8) + (VPR(8),0,, — 0)

Assumption 6 For performative optimum Opo and its induced distribution D = D(0pg), suppose
the optimal solution for minimizing DPR(0po, -) is 0*. We say DPR(0po, -) satisfies n—WSC, if
for any 6 € © it holds that

DPR(0r0,6") = DPR(8o. 6) + VoDPR(8p0,0)T (6" —6) + Z[6" 6% (6)



Results

« We show: when DPR is RST (Restricted Secant Inequality), PR is RSI, namely
(VPR(6),0 — 0,,) > p'|6,, — 0|

Assumption 7 For performative optimum 0pg and its induced distribution D, suppose the optimal
solution for minimizing DPR(0po, -) is unique and is denoted as 6*. We say DPR(0po, -) satisfies
u—RSI, if for any 0 it holds

(VoDPR(6po, 6),0 — 6*) > pu||6* — 6] (8)



When are local properties sufficient for stability and
optimality?

We could quantify gap between any 6,6’

PR(¢') = DPR(¢,¢')
> DPR(0, ') — LW(D(0),D(¢"))
— PR(0) + [DPR(6,¢') — DPR(6,0)] — LW (D(6), D(9')).

Proposition 7 Under Assumption 3, if
Ng(0') = LW (D(9), D(6)),

it holds that
PR(6) < PR(#").



We give examples on relating PO with PS

Example 1 Assume performative shifts are bounded by an absolute value, i.e.,
W(D(6),D(#")) < B.
We have the following bound characterizing the suboptimality of 0

PR(¢) — PR* < LB.

Example 2 Assume (1) performative shifts are bounded by an absolute value B and (2) Ag(6')
satisfies quadratic growth, i.e., Ag(0") > |0 — &'||?, we have that performative optimal point 0po

satisfies
LB
10po — 0l < 4/ —-
g

Example 3 Under Assumption 4, suppose Ay(0') satisfies quadratic growth, the performative

optimal point Opo satisfies
Le
1fpo — 0] < —.
¥



Open Problems

 Showing PL condition for PR.

 Understanding when and how (e.g., some structural properties of loss
function or a natural set of distributions), it holds that

W(D(6),D(68")) < C || Vg:DPR(H,6")]||?
Such a condition characterizes local properties of DPR near
performative stable points, it could be more common.

* What is the impact of data pre-processing steps on the implications of
performative shifts?



Contributions

I. Studied several first-order conditions (Weak Strong Convexity,
Restricted Secant Inequality) for performative prediction and what
structural assumptions are needed.

IT. We investigate relations between stable points and optimal points.

ITI.We raise interesting open problems in the area of performative
prediction.
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